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Types of debt crises
Debt crises have occurred in the South-East Asian, Latin American and African countries. Economies have borrowed either to finance government deficits, or investment/ capital formation as in South-East Asia. The debt, denominated in either domestic or foreign currency, may either be short-term that must be repaid with interest at maturity, or it may be long-term which just has to be serviced regularly. There are several sources of uncertainty, which may be positively or negatively correlated: the real return on capital and the variable real interest rate. Since it is not possible to predict either the return on capital or the interest rate, default has occurred frequently.
The issues discussed in this paper are as follows. (a) How much of a debt is too much? What is an optimal or a sustainable external debt -for a country, region or sector? An explicit example used in this paper is the US Agricultural debt crisis, because the empirical data correspond closely to the appropriate mathematical variables. Figure 1 plots three variables concerning the US agricultural sector: the ratio of interest payments/value added, equity = capital less debt, and the delinquency rate on loans to commercial banks. During the prosperous years 1972-80 land values rose and, using the capital gains as collateral, farmers incurred debt to buy more land which produced more capital gains. The boom generated by capital gains was unsustainable. 
A Prototype model
The model underlying the optimization is summarized in the equations in BOX 1.
The variables are real, measured in terms of goods produced. This benchmark model is sufficiently general to be applicable to almost any economy. The actual debt deviates from the RE optimal because market participants base decisions upon anticipated capital gains that are not based upon these fundamentals. The unsustainable capital gains resulting from these anticipations generate speculative bubbles, like the dot.com in the US and the real estate boom in South-East Asia. The deviation between the actual and the optimal debt is a bubble that bursts when subjected to shocks. In part 5 below, we explain the farm debt crisis and provide warning signals.
The performance criterion to be maximized is the expected present value of the utility of consumption, equation (1). The maximum value is V(X), where X is the initial net worth. The utility function selected is HARA, equation (1a) where risk aversion is
(1-γ) > 0, γ ≠ 0. The HARA utility function has two great advantages. First, it implies that we may focus upon ratios, such as consumption/net worth c = C/X, debt/net worth f = L/X and capital/net worth k = K/X. Second: the HARA assumption lowers the dimension of the dynamical system, and the model can be solved analytically. Otherwise, the DP model must solved using numerical values and a computer. When γ = 0, risk aversion is
(1-γ) = 1, and the utility function is (1b) the logarithmic function. An infinite time horizon is selected with an arbitrary discount rate of δ > 0. The effective length of the horizon is inversely related to the discount rate. A high discount rate implies a short horizon. If γ < 0, there is no mathematical need to have a discount rate.
BOX 1.
EQUATIONS OF THE STOCHASTIC GROWTH MODEL
Equations (2a) and (2b) are the same. In (2a), the change in the debt dL t is the sum of the debt service r t L t at interest rate r t , plus consumption C t plus investment I t less income Y t , over a period of length dt. Equation (2b) puts consumption on the left hand side. It is income less debt service less investment over the period plus new borrowing.
For an economy, the sum of value added is GDP or income, denoted Y t .
The production function is equations (3)-(4). Equation (3) states that capital K t is the product of a physical quantity N t , "land", times the P t relative price of land/price of output. Equation (4) states that the productivity of capital, ratio b t dt = Y t dt /K t of gross value added to capital, is described by a stochastic process. The productivity of capital is the sum of a deterministic term b dt plus a stochastic term σ b dw b . Call b the mean return on investment. The stochastic part of the growth of value added term σ b dw b results from changes in prices of output relative to the purchased inputs of materials, physical productivity such as output/acre, and variations in demand. Equation (5) describes the stochastic servicing of the debt r t L t over the short period dt. The real rate of interest over the short period r t dt is the sum of a deterministic term -the mean r dt -plus a stochastic term, which has a variance σ r 2 dt over the period.
The stochastic part results from variations in monetary policy, the business cycle or, when an external debt in denominated in foreign currency, from changes in the exchange rate. The demand for loans by the entire agricultural sector is L t . Constraint (5a) states that L t cannot exceed the loans that the banking system is willing to supply. The latter is a multiple h > 0 of the reserves R 0 e ηt which grow at exogenous rate η. This constraint is important in explaining in section (5.2) below why bubbles burst and debt crises occur.
Each disturbance, to either the return on investment or to the real rate of interest, is time independent. Equation (6) states that the two disturbances, to the growth rate and to the interest rate, may be correlated, either positively or negatively. This correlation occurs by matching up one variation in dw b with one in dw r . Net worth or equity X t , equation (8) is defined as capital K t , from (3), less debt L t .
We constrain the optimization to the case where net worth X(t) > 0. This constraint excludes "Ponzi schemes", where the economy borrows to service the debt ad infinitum. The change in the value of assets dK t = d(P t K t ) is equation (9). The first term P t dN t = I t dt is investment at market prices, and the second term (N t P t )(dP t /P t ) is the capital gain (or loss) resulting from the rise (fall) in the price of the physical asset -N t called "land" -relative to the price of output.
(9) dK t = P t dN t + (N t P t )(dP t /P t ) = I t dt + K t (dP t /P t )
In many debt crises -such as US agriculture, South-East Asia, or the dot.com stocks -there is a "bubble", defined as the case where the capital gains equation (7) are independent of the movements of the fundamentals b t and r t .
The market assumes that there is an upward trend µ > 0 in the relative price of "land", plus a Brownian motion term σ p dw p . Both the Brownian motion (BM) term σ p dw p and the trend term µ are independent of the other two BM terms in BOX 1, as described by equation (7a). In the case where there are "rational expectations" (RE), the market price of the asset will be closely linked to the fundamentals b t and r t and µ = 0. Our standard of optimal performance is the rational expectations case.
We have assumed that the return b t = Y t dt /P t N t = Y t dt /K t = real gross value added/real value of assets is described by stochastic process equation (4) 
Dynamic Programming Solution
In this section we derive the dynamic programming solution for the optimal debt.
Then it is shown how the inter-temporal dynamic programming DP solution can be given a mean-variance M-V interpretation. We then compare the optimal market debt when µ > 0 with the rational expectations RE solution when µ = 0.
The state variable is net worth X(t) defined in equation (8). It is capital K t less L t debt. The change in net worth is equation (10).
(10) dX t = dK t -dL t Derive equation (11) by using (9) for dK t and (2a) for dL t . The HARA function implies that consumption is proportional to net worth C t = cX t and the debt is also proportional to net worth L t = fX t , (Fleming-Stein, 2004) . The ratio f = L/X is debt/net worth. From (8), capital/net worth k t = K t /X t = 1 + f t > 0. Equation (11) is the stochastic differential equation. The first set of terms in brackets is deterministic and the second is stochastic.
There are two controls, u = (f,c). One control is c = C t /X t > 0 the consumption ratio. The second control is the debt ratio f = L t /X t > -1. A negative debt is net financial assets. It is assumed that the debt can be varied instantly and with no cost. This assumption is too strong and will be relaxed in subsequent research. The optimization (1) is subject to the dynamic equation (11) and to the constraints C t > 0, X t > 0.
Given the nature of the uncertainty, the controller cannot anticipate the future.
The admissible controls are chosen using any information known up to time t. We therefore consider the controls that enter as feedback functions of the state X t . The
Hamilton-Jacobi-Bellman dynamic programming equations (12a) and (12b) are based upon the dynamics of the change in net worth, equation (11). See Fleming-Soner (1992) .
With the HARA utility function, we may write the value function as equation (13) where the constant A > 0 is to be determined from (12) and (13).
(13) V(X) = (A/γ)X γ Using equation (13) and its derivatives in (12) we derive the DP equation (14) where V*(f,c) is defined in (14a,b,c).
The optimal debt/equity f is independent of the optimal consumption ratio. Define variance (b -r + dp/p) in equation (15a). The market debt/equity ratio f s will exceed the RE value f* if the expected trend inflation of asset prices µ > 0. Equation (15c) relates to constraint (5a). The demand for loans in the RE case f*X* t , where X* t is the net worth in the RE case, does not exceed the loans that banks are willing to make.
Optimal debt/net worth f s , Rational Expectations Case f*
(15c) f*X* t < h R 0 e ηt Equation (15) is a generalization of Merton's equation for the optimal ratio of risky assets/net worth. In Merton's model, the rate of interest is deterministic so θ = 0.
There is only one component of the return on the risky asset, either b t or dp t /p t . Let it be b t so that ω = 0. (We could have chosen dp t /p t and ignored b t ). Then, equation (15) The meaning of the intercept term f(0) is discussed in the Mean-Variance section below.
A "mean-variance" (M-V) interpretation
The Tobin-Markowitz mean variance (M-V) analysis is the cornerstone of much of the work in the field of investment/portfolio allocation analysis. It is extensively used in the agricultural finance literature to evaluate risk for agricultural firms. The M-V analysis is based upon a static two period model of portfolio choice between "safe" and "risky" assets, whose great virtue is that it yields clear and operational results. Our model in BOX 1 seems to be quite different. Growth is endogenous over an infinite horizon and there is risk on both the debt and on capital.
We The uncertainty concerns the risk R(f), which is a quadratic function of the debt/net worth, and is defined in equation (14c). In figure 3 quadratic risk function R(f) reaches a minimum at f = f(0), which is equation (15b) -the intercept term in the optimal debt/equity equation (15). To minimize risk when f(0) < 0, the firm should be a creditor.
There is a big difference between the M-V interpretation of the DP equation and the static two-period M-V analysis. For example, in the DP interpretation/ RE case denoted by asterisks, optimal debt L t * = f*X* t . Net worth X* t varies according to stochastic differential equation (11) when µ = 0. As X* t varies, the debt L* t must be varied instantaneously to maintain the ratio f* to net worth X* t . On the other hand, in gains on farm assets. Credit was readily available. Real interest rates (r -µ) were low and farmers used the rising value of farm assets as collateral for loans. Farmers would purchase farm real estate with moderate down payments and, after the value of the newly purchased land increased, would use the increased equity to buy additional farm land with minimal downpayments. Higher levels of real estate debt were supplemented by debt to finance machinery and equipment. The speculation in land produced capital gains µ > 0 and raised X the market value of equity. Figure 1 shows how the ratio of interest payments/value added = INTVA = debt burden, grew as the farm EQUITY rose. By 1979, the debt burden was almost 3 standard deviations higher than it was in 1973.
Lenders were not concerned since equity rose by as much, due to the capital gains. The lending constraint is assumed to be satisfied in the RE case, equation (15c).
However, when the bubble µ > 0 is significantly high, such that ((b -c) + (b -r)f s + (1+f s )µ) > η, the lending constraint will eventually be violated. The bubble case is the left hand expression and the RE is the right hand expression.
The banks/lenders are constrained to lend no more than multiple h of their reserves which grow at rate η.As the speculative bubble continues, loans rise towards the maximum that the banks are willing to finance. The availability of funds for new loans declines, particularly when cash flows decline. Even though interest rates may not reflect it, banks decrease the availability of credit. The decline in the availability of new loans dL T means that the third term in (25) declines; and it may even turn negative. The decline in all three terms in (25) implies that: To service the debt, consumption must decline. This will lead to defaults and hence a debt crisis. This scenario also describes many of the major international debt crises.
Warning Signals
Warning signals WS will be based upon the difference between the actual debt/net worth and the sustainable RE optimal f*. Similarly, the WS will be the difference between the interest payments/value added and the RE optimal based upon f*. Ideally, we would like our warning signal WS t to be the difference between the actual debt/net worth = L t /X t and the RE optimum f* in equation (15-RE). The optimal debt/equity ratio and interest expense/value added should have been declining rather than rising. Our analysis, based upon Dynamic programming, correctly predicts a debt crisis in the shaded region and correctly predicts tranquil periods pre-1979 and post 1990. 
